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Abstract 

We illustrate the flow or wave character of the metrics and curvatures 
of evolving manifolds, introducing the Riemann flow and the Riemann 
wave via the bialternate product Riemannian metric. This kind of evolu- 
tions are new and very natural to understand certain flow or wave phe- 
nomena in the nature as well as the geometry of evolving manifolds. It 
possesses many interesting properties from both mathematical and phys- 
ical point of views. 

We reveal the novel features of Riemann flow and Riemann wave, as 
well as their versatility, by new original results. The main results refer 
to: (1) Riemann flow PDE, (3) connection between Ricci flow and Rie- 
mann flow, (4) the meaning of the Riemann flows on constant curvature 
manifolds, (5) the gradient Riemann solitons, (6) the infinitesimal defor- 
mations (linearizations) of Ricci flow and of Riemann flow PDEs, (7) the 
existence of Ricci or Riemann curvature blow-up at finite-time singulari- 
ties of the flow, (8) the Riemann wave PDE and its meaning on constant 
curvature manifolds, (9) the existence of Ricci or Riemann curvature blow- 
up at finite-time singularities of the wave, (10) the general form of some 
essential PDE systems on Riemannian manifolds. 

Key Words: Riemann flow, Riemann wave, blow-up, ultrahyperbolic PDE 
system, geometric evolution PDEs. 
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1 Motivation 

The papers of Richard Hamilton [l]-[5] and some lectures at 1990 Summer Re- 
search Institute, Differential Geometry, University of California, Los Angeles, 
July 8-28, stimulated me to think about the Riemann flow and to discuss with 
other mathematicians about the subject. After years, I have introduced and 
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studied these ideas by an open problem in the book [18] and some explicit 
results in the papers [6], [21], [24]. Since the Hamilton Ricci flow, defined by 

^(t,x) = -2Bic{g(t,x)), 

was used recently by Grisha Perelman [9]- [11] to prove two very deep theorems 
in topology, namely the geometrization and Poincare conjectures, I decided to 
bring into attention my original ideas, writing again about the Riemann flow 
and the Riemann wave via the bialternate product Ricmannian metric. The 
Riemann wave is connected to the Ricci wave introduced and studied recently 
by De-Xing Kong and Kefeng Liu [15], [16]. 

Within the last years, I was impressed by several researchers which have 
obtained original results starting from the theory of Hamilton and Perelman 
(see also [7], [8], [12], [13], [14], [17]). Also, the Research Blog [25], which rises 
the problem of the curvature flow, gave me an impulse to orient my research in 
this direction. 

Section 1 is a motivation for our point of view. Section 2 underlines the 
relation between the Riemannian metric and the bialternate product Ricman- 
nian metric. Section 3 defines and studies the Riemann flow. The original 
results include the relations between Ricci flow and Riemann flow, some exis- 
tence and uniqueness theorems, the meaning of the Riemann flows on constant 
curvature manifolds and the gradient Riemann solitons. Section 4 analyzes the 
infinitesimal deformations (linearizations) of Ricci flow and of Riemann flow 
PDEs. Section 5 shows the existence of Ricci or Riemann curvature blow-up at 
finite-time singularities of the flow. Section 6 defines and studies the Riemann 
waves and their meaning on constant curvature manifolds. Section 7 proves the 
existence of Ricci or Riemann curvature blow-up at finite-time singularities of 
the wave. Section 8 points out the general form of some essential PDE systems 
on Riemannian manifolds. 



2 Bialternate product Riemannian metric 

Let (M, g) be a Riemannian manifold of dimension n. The number of distinct 
components of the metric g is " < -" 2 +1 - ) . The Riemannian metric g — (gij) deter- 
mines the Christoffel symbols 

r = l„u( ^Bl dgik _ d£jk 
Jk 2 9 \dx k dxi dx l 

— —n im {A r A s A* J- A r A s A* A* A r A sS \ ^ r 



2^ V m J k 1 "m"k"j "m"]"k) Q x t 

and this connection determines the curvature (Riemannian) tensor field Riem(g) 
of components 

_ 1 ( d 2 g lk d 2 g 3 i d 2 g jk d 2 g a \ , _ rmrM 

Hl3kL ~ 2 I dxidx* dxtdx* dx*dxt dxldx* J 9mn [ > k a 11 lk) 
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= 2 *f< ^ *T* *q ^7 + 2 *? *f* r p S - 

It follows the i?zcci tensor field Ric(g) of components Rjk = g %l Riju and the 
curvature scalar R = g^Rjk- The number of distinct components of the Rie- 

mannian curvature tensor is ^-^j^—^-- 

The Riemannian metric g induces the bialternate product Riemannian metric 

G = gQg, Gijki = gikgji - gu9jk = 2 5] 5? 5\ k 5^ g pr g qs 

on 2- forms. Then (A 2 (M),G = g g) is the Riemannian manifold of skew- 
symmetric 2-forms. The number of distinct components of the metric G is 
" 2( ^~ 1) . If n = 1, then G = 0. If n = 2, then 

G1212 = — G1221 = — G2112 = G2121 = dct (g-ij) = Q. 

If n > 3, then the bialternate product Riemannian metric G determines the 
Riemannian metric g since rank g = n > 3 and 

{gksGmlnr ~\~ gknGlmsr ~t~ gkrG m l sn ^) — G m ij n Gklrs ~\~G m ij s Gklnr ~~\~G rn ij r Gklsn 
GlijnGkmrs Gnj s Gkmnr G[ij r Gkmsn G m ij s Gkirn G m ij r Gkins G nl [j n Gkisr 

is an identity. 



3 Riemann flow via the bialternate 
product Riemannian metric 

As it was proposed in [18], let us study the flow induced by the Riemannian 
tensor field Riem(g(i, x)), via bialternate product Riemannian metric G(t,x) = 
g(t,x) © g(t,x), t e R, x e M, improving and developing the ideas in [6], [21], 
[24]. 

Let M be a smooth closed (compact and without boundary) manifold. Can 
we equip the manifold M with a family of smooth Riemannian metrics g(t,x) 
satisfying the backward heat ultrahyperbolic PDEs system 

— (t,x) = -2Ricm( 3 (t,x)), (1) 

where (A 2 (M), G(i, x) = x) ©<?(£, x)) is the associated Riemannian manifold 
of skew-symmetric 2-forms? The Riemann flow via the bialternate product 
Riemannian metric G is a mean of processing the Riemannian metric g(t, x) by 
allowing it to evolve under the PDE (1). This flow is driven by the Riemann 
tensor field. If n = 2, then the PDE (1) is sub-determined; if n = 3, then the 
system (1) is determined (the number of equations is equal to the number of 
unknowns); if n > 3 then the system (1) is over-determined. 



3 



The classical (backward or forward) heat ultrahyperbolic PDEs with stan- 
dard Goursat conditions, Cauchy conditions, Picard conditions, mixed condi- 
tions are well studied with the help of the energy inequality method and Rie- 
mann functions. 

Let Q = det (gij) be the determinant of the metric g. Then 

dQ = dQ dg ik = g ik dg ik din Q = ^ k dg tk 
dt dgik dt dt ' dt ' dt 

Theorem 3.1. If n > 3, then the Riemann type flow (1) induces a Ricci 
flow of the form 

dg 3k 2 1 dQ dlnG 



Theorem 3.2. If n > 3, then the Riemann type flow 
^ {t ) = aRiem(g(t))+P^(t)G(t), 

with a = 2(n — 2), (3 = -, determines a standard Ricci flow 

d 9jk _ „ R 
~dT-- 2Rjk - 

In simple situations, the Ricci flow was used to deform the metric g(0, x) into 
a metric g(t,x) distinguished by its curvature [l]-[5], [7]-[14], [17]. 
Conversely, we have the following statements. 

Theorem 3.3. 1) On 3-dimensional Riemannian manifolds, the Ricci flow 

% 'lg,, 2/,', ; . 

dt 2 h 3 3 

determines the Riemann flow (1). 

2) On conformally flat Riemannian manifolds with dimension n > A, the 
Ricci flow 

ggjj R \ p 

dt 2(n-l)(n-2) 9l] n - 2 13 

determines the Riemann flow (1). 

3) On a Riemannian manifold with dimension n>A, the Ricci flow 

dt ~ 2(n-l)(n-2) 9l ' 3 n - 2 13 
determines a Riemann type flow 

— 7^ — = — 2 (Rijkl — Cij k l), 
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where Cijki is the Weyl conformal tensor field. 
Hint. The PDEs system 



dt 

implies the PDEs system 
dGijki 



-jrf- = a 9ij + Rij 



dt 



2a Gijki + /3 (Rik9ji + gikRji - Ru9jk ~ 9uRjk)- 



On the other hand, 

1) in dimension three, the curvature tensor field has the local expression 

R 

Rijki — gikRji + gjiRik — guRjk — gjkRu — Gijki', 

2) the curvature tensor field of a conformally flat Riemannian manifold, with 
dimension n > 4, is given by 

1 R 

Rijki = — — g (dikRji + 9jiRik — guRjk — gjkRu) — — Tj(n — 2) ( ^ i i kl ' 

3) The Weyl conformal tensor field is 

1 R 

C^ki — Rijki — — _ ^ (gikRji + gjiRik — guRjk — gjkRu)+ _ _ 2) Gijki- 

Theorem 3.4 (short time existence). Given a smooth metric go on a closed 
manifold M , there exist e > and a smooth family of metrics g(t) for t e [0, e] 
such that 

dG 

G(t) = g(t) o g(t), — = -2 Riem(g(t)), t e [0, e], g(0) = g . 

Proof. Let g t be a solution to the Ricci flow = ~2 Rjk- Let us find a 
time-dependent diffcomorphism ip t from our manifold M to itself, with ipo = id, 
so that the metric g t — <~p* t gt is a solution to the Riemann flow. Since 

dgt *dg t _ 
— = <Pi —+ Vt C s ^g t , 



we obtain 



On the other hand, 



9G t t dG t = 
— = < Pt — + < Pt C Sst G t . 



dG 

ft-Qf + Vtt^Gt = -2 (p* t (Riem(g t ) - C(g t )). 
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We select the diffcomorphism tp t by the condition Co vt Gt — 2 tptC(gt). 

Theorem 3.5 (uniqueness of solutions). Suppose gi(t) and g 2 {t) are two 
Riemann flows on a closed manifold M, for t e [0, e], e > 0. If gi(s) = <?2(s) 
for some s e [0, e], then gi(t) — g<i (t) for all t G [0, e]. 

Combining these two Theorems, we can talk about the Riemann flow with 
initial metric go, on a maximal time interval [0, T). In this situation, maximal 
means that either T = oo, or that T < oo but there do not exist e > and a 
smooth Riemann flow g(t) for t G [0, T + e) such that g{t) = g(t) for t G [0, T). 

If the initial metric g(Q,x) is Riemann flat, i.e., Riem(g(0, x)) — 0, then 
g(t, x) — <?(0, x) is obviously a solution of the evolution PDE (1). Consequently, 
each Riemann flat metric g(x) is a steady solution of the heat ultrahyperbolic 
PDEs system. 

3.1 Riemann flows on constant curvature manifolds 

It is worth pointing out here that the Riemann tensor is homogeneous under 
uniform scalings of the metric. More precisely, if g(t) = f(t)go, f(t) > 0, 
/(0) = 1, then Riem(5(t)) - f(t) Riem( 5o ). 

If we take a metric go such that Riem(go) — A Go for some constant A G R 
(these metrics are known as constant curvature metrics), then a solution g(t) 
of PDE (1) with 5(0) = g is given by g(t) = (1 - Xt) go and hence G(t) = 
(1 — At) 2 Go- In particular, for the round unit sphere (S n ,go) 1 n > 2, we have 
Ricm(go) = (n — l)Go, so the evolution metric is g(t) = (1 — (n — l)t) go 

and the sphere collapses to a point at finite time T = . An alternative 

n — 1 

example of this type would be if g were a hyperbolic metric, that is, of constant 
sectional curvature — 1. In this case, for n > 2, we have Riem(g ) = —{n— l)Go- 
Consequently the evolution metric is g(t) = (1 + (n — l)t) g and the manifold 
expands homothetically for all time. 

Of course a metric is flat, i.e., the Riemannian manifold is locally isometric 
to the Euclidean space, if and only if the associated Riemann curvature tensor 
vanishes. These metrics can be regarded as the fixed points of the Riemann 
flow. 

3.2 Gradient Riemann soliton 

We can regard as generalized fixed points of the Riemann flow those manifolds 
which change only by a diffcomorphism and a rescaling under the Riemann 
flow. To simplify, instead of g(t,x) we shall write g(t). Let (M,g(t)) be a 
solution of the Riemann flow, and suppose <p t : M -» M, tpo — id is a time- 
dependent family of diffeomorphisms and a(t) is a time-dependent scale factor 
(with cr(0) = 1). If we have g(t) = cr(t)<pt g(0), then the solution (M,g(t)) or 
(A 2 (M), G(t) = g(t) g(t), t G R) is called Riemann soliton. Of course 

G ijk i(t) = gik(t)g 3 i(t) - gu(t)gjk{t) 
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= * 2 (t)rf g ik (p)<p' t 9jl (0) - a 2 (t)rf 9ll (0M g jk (0). 
dG 

Computing the derivative ~^~(*) an d evaluating it at t = 0, wc find 

— (t)U= - 2a(t)^(t)<p$g(t) o V * t g(t)\ t=0 

( d d \ 

+<? 2 {t) \ Ql^t9{t) ° <ftg(t) + tfg(t) o -jfiPUQ)] \t=o 

= 2a' (0) 5 (0) o g(0) + C v g(0) ° ff(0) + <?(0) o C v g(0) = -2 Riem( 5 (0)), 
d 

where V = —q^i by the definition of Lie derivative. We replace a'(0) = A and 
we write in coordinates 

-2Ri jkl = 2A(0 ifc (O)<&i(O) - g u (0)g jk (0)) 

+C v gik(0)gji(0) + gik(0)£vgji{0) - £v 9i i(0)gjk(Q) - gu(0)£vgjk(Q) 
= 2\(g ik (0) gjl (0) - g u (0)g jk (0)) 
+(ViV k + Vfc^i)ft-i(O) + g lk (0)(V 3 Vi + WiVj) 

-(ViVi + Vjvo 5j - fc (o) - ,^(o)(v,v fc + Vfc^-)- 

Suppose = V/. Then the foregoing relation becomes 

Rijkl + K9ik(0)9jl(0) ~ 9il(0)9jk(0)) 
+gji(0)ViV k f + gik(0)VjVif - fc fc (0)ViVi/ - <ta(0)V,V fe / = 0. 

Such solutions we call gradient Riemann solitons. A gradient Riemann soliton 
is called shrinking if A < 0, static if A = 0, and expanding if A > 0. 

4 Infinitesimal deformations 
4.1 Linearizing Ricci flow PDE 

Let g(t, x), t e I C R, be a Ricci flow. Let <?(t, x; e) be a differentiable variation 
of g(t,x), i.e., 

— (t,x;e) = -2 Ric(g(t,x;e)), g(t,x;0) = g(t,x). 

d 

We take the partial derivative with respect to e and we denote tHc=o — h. The 

oe 

relations gijgi k = 6f implies 

9g 3k | , jkii h ik 

—Q^U=o^-ri ij g J g = -h . 
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We find the single-time infinitesimal deformation PDE 

dh /dRic dRicdhu dRic d 2 h u \ 

dt \ dgv [ ' dx l Q a2gfci dx l dxi I 

V a u dx* u dx*dxi / 

around a solution g(t,x) of the Ricci PDE. Of course, this new PDE is the 
linearization of the Ricci PDE along a solution g(t,x). 



4.2 Linearizing Riemann flow PDE 

Let g(t,x), t e I C R, be a Riemann flow. Let g(t,x;e) be a differentiable 
variation of g(t,x), i.e., 

dG 

— (t,x;e) = -2 Riem(g(t,x;e)), g(t,x;0) =g(t,x). 

Qg 

We take the partial derivative with respect to e and we denote tHc=o = h- The 

oe 

relations g%jg^ k = 6f implies 

Qgjk 

We find the single-time infinitesimal deformation PDE 



\ e =o = -h tJ g jk g u = -h lk . 



d ( dRiem • • <9Riem dh k i , <9Riem d 2 h k i 



at 



l v ; q§9m. dx l q 92 9*1. dx l dxi 



around a solution g(x,t) of the Riemann PDE. Of course, this new PDE is the 
linearization of the Riemann PDE along a solution g(t,x). 



5 Blow-ups at finite-time singularities for 
geometric flows 

5.1 Ricci estimation and Ricci curvature blow-up at 
finite-time singularities 

This subsection will be devoted to proving that, if the Ricci flow g(t, x), defined 
by 

^(t,x) = -2mc(g{t,x)), 

becomes singular in finite time, then the Ricci curvature must explode as we 
approach the singular time T. 

Lemma 4.1 (Riemannian metric equivalence). If g(t) is a Ricci flow for 
t e [0,T) and \\Ric\\ < m on M x [0,T), then 

e- 2mt g(0) < g(t) < e 2mt ff (0),V< e [0,T), 
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\\g(t)\\ 2 -\\g(o)\\ 2 <Ce^ 2 \vte[o,T). 

Remark. Given two symmetric (0, 2)-tensors a and b, we write a > b to 
mean that a — b is positive semidefinite. 

Proof. Since -§ g{X,X) = -2Ric(X,X), we have 



2||Ric||< ? (X,X) 



and hence 



lng(X,X) 



< 2||Ric| 



for any nonzero tangent vector X. In this way, 

g(t){x,x) 



In- 



< 2mt. 



'g(o)(x,x) 

To obtain the second formula, we remark that 



1 9 ll I 
29t N 



-2<Ric, 3 > <2 ||Ric|| 2 |M| 2 



implies 

4 / |Ric|| 2 ds 
||5WI| 2 -||.9(0)|| 2 <C e A. 

Theorem 4.2 Le£ M be a closed manifold. If g(t) is a Ricci flow on a 
maximal time interval [0,T) and T < oc, then 



lim sup ||Ric(i, x)\ 

*/" r \xEM 



00. 



Proof. We will deal with the contrapositive of this theorem. Let us show 
that if ||Ric(i, x)\\ < m, t e [0,T), then the Ricci flow g{t) can be extended to 
a larger time interval [0, T + e). Indeed, the relation 

g(t) = g(0) -2 [ Ric(s, x)ds, t G [0, T) 
Jo 

implies 

\W) -g(t")\\ < 2m\t'-t"\, W,t" e [0,T). 

The Cauchy Criterion shows that \im t y<T g(t) exists, while lim^T §f (t) exists 
since lim t /-t Ric(t, x) exists (see the definition of the Ricci flow). Consequently 
g(t), t G [0,T] is a solution for the Ricci flow. 

In this case, the Ricci flow g(t) may be extended from being a smooth solu- 
tion on [0, T) to a smooth solution on [0, T]. Then we take g(T) to be an initial 
metric in our short-time existence theorem (Theorem 3.4) in order to extend 
the flow to a Ricci flow for t G [0,T + e), contradicting the assumption that 
[0, T) is a maximal time interval. 
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5.2 Riemann estimation and curvature blow-up at 
finite-time singularities 

This subsection will be devoted to proving that, if the Riemann flow becomes 
singular in finite time, then the curvature must explode as we approach the 
singular time T. 

Lemma 4.3 (bialternate product Riemannian metric equivalence). If g(t) 
is a Riemann flow for t E [0,T) and ||i?«em|| < m on M x [0,T), then 



e~ 2mt G(0) < G(t) < e 2mt G(0),Vt G [0,T), 
||G(i)|| 2 - ||G(0)|| 2 < Ce im2t yt e [0,T). 

d 



Proof. Since -§ G{X, Y, X, Y) = -2 Riem(X, Y, X, Y), we have 



dt 



G{X,Y,X,Y) 



= 2 ||Riem||G(X,y,X, Y) 



and hence 



In G(X,Y,X, Y) 



< 2||Riem||, 



for any nonzero tangent vectors X, Y. In this way, 

G(t)(X,Y,X,Y) 



In- 



G(0)(X,Y,X,Y) 
To obtain the second formula, we remark that 
1 d 



< 2mt. 



2dt 



\\G\Y 



-2 < Ricm,G > < 2 llRicml 



IGI 



implies 



||G(t)|| 2 -||G(0)|| 2 <G e 4 /oH Ricm ll 2 ^. 



Theorem 4.4 Let M be a closed manifold with the dimension n > 3. If g(t) 
is a Riemann flow on a maximal time interval [0,T) and T < oo, then 



lim sup ||Ricm(i,x)|| ) = oo. 
t /- T \xeM J 

Proof. Let us show that if ||Riem(t,x)|| < m, t e [0,T), then the Riemann 
flow g(t) can be extended to a larger time interval [0, T + e). Indeed, the relation 

G(t) = G(0) -2 [ Riem(s, x)ds, t e [0, T) 
Jo 



implies 



\\G(t') -G(t")\\ <2m\t'-t"\, W,t" e [0,T). 
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The Cauchy Criterion shows that lim t G(t) exists, while lim t /-t ^f{t) exists 
since \im t /<T Ricm(t,x) exists (see the definition of the Riemann flow). Conse- 
quently g(t), t G [0, T] is a solution for the Riemann flow. 

In this case, the Riemann flow g(t) may be extended from being a smooth 
solution on [0, T) to a smooth solution on [0,T]. Then we take g(T) to be 
an initial metric in our short-time existence theorem (Theorem 3.4) in order to 
extend the flow to a Riemann flow for t G [0, T+e), contradicting the assumption 
that [0, T) is a maximal time interval. 

6 Riemann wave via 

the bialternate product Riemannian metric 

Let us study the wave of the Riemannian tensor field Kiem(g(t, x)), via bial- 
ternate product Riemannian metric G{t,x) = g(t,x) g(t,x), t G R, x G M, 
improving and developing the ideas in [6], [21], [24]. 

Let M be a smooth closed (compact and without boundary) manifold. Can 
we equip the manifold M with a family of smooth Riemannian metrics g(t, x) 
satisfying the wave ultrahyperbolic PDEs system 

d 2 G 

— (t,x) = -2Riem(g(t,x)), (2) 

where (A 2 (M), G(t, x) = g(t, x) Qg(t, x)) is the associated Riemannian manifold 
of skew-symmetric 2-forms? The Riemann wave via the bialternate product 
Riemannian metric G is a mean of processing the Riemannian metric g(t,x) 
by allowing it to evolve under the PDE (2). If n = 2, then the PDE (2) is 
sub-determined; if n = 3, then the system (1) is determined (the number of 
equations is equal to the number of unknowns); if n > 3 then the system (1) is 
over-determined. 

Theorem 4.1 (uniqueness of solution). Let (M,g {x)) be a compact Rie- 
mannian manifold and ki(x) be a (0,2) symmetric tensor field on M. Then 
there exists a constant e > such that the initial value problem 

d 2 G dg 

-Qp{t,x) = -2 Riem(g(t,x)), g(0, x) = g (x), —(Q,x) = k 1 (x) 

has a unique smooth solution g(t,x) on M x [0, e]. 

Theorem 4.2. If (M, gij(0,x) = u (x 1 )Sij, ^(x 1 ) > 0) is a conformally 
flat Riemannian manifold, then the Cauchy problem 

d 2 G dg 

-Qp(t,x) = -2 Riem(g(t,x)), g(0, x) = g (x), —{Q,x) = k 1 {x) 

has a unique smooth solution for all time t G R, and the solution metric has the 
form gij — u(t,x 1 )Sij, uftjX 1 ) > 0. 
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Hint. Let (M, g) be a conformally flat Riemannian manifold. If we take 
a Riemannian metric with the components gu = Hf, gij = 0, i 7^ j (see Lame 
coefficients), then 

Rhijk = 0, {h,i,j,k ^) 

* \dx h dx k dx h dx k dx k dx h J ' ' ' 
-nn(—(—^±\ d ( 1 \- 1 dH h dHj \ 

where the index of summation ^ indicates the sum for the values 1, n excepting 
/i and i. Replacing 5^ = u(t,x 1 )5ij, we find 



with the initial conditions ufojX 1 ) — uoix 1 ), — (OjX 1 ) — 

6.1 Riemann waves on constant curvature manifolds 

We take a metric go such that Riem((/ ) = AGo for some constant A £ R (these 
metrics are known as constant curvature metrics). Then a solution g(t) of PDE 
(2) with 5 (0) = .go is of the form g(t) = f(t)g , f(t) > 0, /(0) = l,.f (0) = v, 
and hence G(t) is of the form G{t) — f 2 (t)Go 1 if and only if 

r\t) + f(t)f'(t) + \f(t) = 0, /(o) = 1, /'(o) = w . 

If A < 0, the solution is the polynomial function 

f(t) = l + vt-^t 2 . 

In particular, let 50 be a hyperbolic metric, that is, of constant sectional curva- 
ture — 1. In this case, n > 2, Riem(5 ) = — (n — l)Go, the evolution metric is 
g(t) = (1 + vt — -jr i 2 ) 50 and the manifold expands homothetically for all time. 

If A > 0, there exists T depending on v such that the solution f(t), t £ [0, T) 
is a concave function with lim t _,. T f(t) = 0. In particular, for the round unit 
sphere (S n 7 g ), n > 2, we have Riem(5 ) = (n — 1)G , so the evolution metric 
is g(t) = f(t) go and the sphere collapses to a point when t —> T. 

If the initial metric g(0,x) is Riemann flat, i.e., Riem(5(0,x)) = 0, then 
g(t, x) = 5(0, x) is obviously a solution of the evolution PDE (2). Consequently, 
each Riemann flat metric g{x) is a steady solution of the wave ultrahyperbolic 
PDEs system. 

Open problem. The case of multitime Ricci wave or multitime Riemann 
wave PDEs does not seem to have been investigated. The study of this case 
is caused not only by theoretical interest, but also by practical necessity of 
describing the deformations (see [18]-[23] for inspiration). 
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7 Blow-ups at finite-time singularities for 
geometric waves 

Let us prove that, if the Ricci wave becomes singular in finite time, then the 
Ricci curvature must explode as we approach the singular time T. 

Theorem 6.1 Let M be a closed manifold. If g(t) is a Ricci wave, i.e., 

d 2 g 

— (t,x) = -2 Ric(g(t,x)), 
on a maximal time interval [0, T) and T < oo, then 



lim sup llRicfi, x) 

Proof. Let us show that if ||Ric(£, x)|| < m, t G [0, T), then the Ricci wave 
g(t) can be extended to a larger time interval [0, T + e). Indeed, the relations 



dg 
dt 



(t) = ^(0) - 2 J Ric(s,x)ds, t G [0,T), 



g(t) = g(0) + ||(0) t - 2 J J Ric(s, x)dsdu, t G [0, T) 

imply 

9(f) - g(t") = ^(0) (t' - 1") + 2 J* £ Ric( S ,x)dsdu, t G [0,T) 
and hence 

\W) -9(t"\\ < (||^(0)||+2mr) \t'-t"\, W,t"G[0,T). 

The Cauchy Criterion shows that Hmt^x g(t) exists, while lim t/ ^T §f {t) and 

lim t /<T -gi§-(t) exist since lim t/ *T Ric(t,x) exists (see the definition of the Ricci 
wave). Consequently g(t), t G [0, T] is a Ricci wave. 

In this case, the Ricci wave may be extended from being a smooth 
solution on [0,T) to a smooth solution on [0,T\. Then we take g(T), |f (T) to 
be an initial metric in a short-time existence theorem in order to extend the 
wave to a Ricci wave for t G [0, T + e), contradicting the assumption that [0, T) 
is a maximal time interval. 

Similarly, let us prove that, if the Riemann wave becomes singular in finite 
time, then the Riemann curvature must explode as we approach the singular 
time T. 

Theorem 6.2 Let M be a closed manifold with the dimension n > 3. If g(t) 
is a Riemann wave, i.e., 

d 2 G 

-Qp{t,x) = -2 Riem(g(t,x)), 
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on a maximal time interval [0,T) and T < oo, then 



lim sup ||Riem(£, x)| I = oo. 
t /" r VxeM / 

Proof. Let us show that if ||Riem(i,x)| < m, t e [0, T), then the Riemann 
wave can be extended to a larger time interval [0,T + e). Indeed, the 
relations 

dG dG r* 

— (t) = — (0)-2 y Riem( S ,x)ds, i G [0,T), 
=G(0) + — (0)i-2 / / Ricm(s,x)dsdii, f e [0,T) 



imply 



G(i') - G(t") = ^(0) (t 7 - t") + 2 / / Riem(s, x)dsdu, t G [0, T) 
and hence 

||G(t')-G(t"|| < (ll^(°)H +2mT ) Vt',t"G [0,T). 

The Cauchy Criterion shows that limt/T exists, while lim^T (i) an d 
Iim t/ ST ^Q£r{t) exist since lim t/ *T Riem(t, x) exists (see the definition of the 
Riemann wave). Consequently g(t), t G [0, T] is a Riemann wave. 

In this case, the Riemann wave g(t) may be extended from being a smooth 
solution on [0,T) to a smooth solution on [0,T]. Then we take g(T), |f (T) to 
be an initial metric in a short-time existence theorem in order to extend the 
wave to a Riemann wave for t G [0,T + e), contradicting the assumption that 
[0, T) is a maximal time interval. 



8 Conclusions 

On Riemannian manifolds we can discuss about the ultrahyperbolic PDEs sys- 
tem (constant curvature manifolds) Rijki — A Gijki- On Riemannian manifolds 
whose metric depends on the evolution parameter t, we can add: heat ultrahy- 

dG' 

perbolic PDEs system (Riemann flow), — — = —2 Rijki; wave ultrahyperbolic 



d 2 Gu 



PDEs system (Riemann wave), ^pT~ = — ^ Rijki- in fact, the Riemann flow 
and the Riemann wave are PDE systems for evolving the Riemannian metric to 
make it " rounder" , in the hope that one may draw topological conclusions from 
the existence of such "round" metrics. The general form of these PDE systems 
is 

9 G^ki „ dG^ki , „ . r n n 
Ot-ijkl — ^ P i i kl — gl *~ Jijkl Gijki + Oijki Hijki = U, 
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where the coefficients are smooth functions depending on t, x, having the same 
symmetries as the curvature tensor. All these determine new classes of Rieman- 
nian metrics. 

There are more ingenious ways to define such PDEs and PDIs using space- 
times (see [6]). 
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